A new method for the generation of a train of pulses from a single high-energy, ultra short pulse is presented, suited for Resonant Multi-Pulse Ionization injection [1] . The method is based on different transverse portion of the pulse being delayed by a "mask" sectioned in concentric zones with different thicknesses, in order to deliver multiple laser pulses. The mask is placed right before the last focusing parabola. A hole in the middle of the mask lets part of the original pulse to pass through to drive electron injection. In this paper a full numerical modelling of this scheme is presented. In particular we discuss the spatial and temporal profile of the pulses emerging from the mask and how they are related to the radius and thickness of each section.
Introduction
Future applications of Laser WakeField Acceleration (LWFA), such as FELs and new generation of particle colliders, require high-quality electron bunches. The main approach consists in injecting low-emittance electron bunches in the plasma wave. Among the different models proposed, the Resonant Multi-Pulse Ionization injection (ReMPI) [1] relies on the plasma wake being excited by a train of pulses produced from a single high-energy, ultra short laser pulse. The theory of plasma wave excitation by a pulse train was presented in [2, 3] (and more recently discussed in [4] ); the scheme takes advantage of the coherent sum of the wakefields produced by each pulse of the train (the pulses being separated in time by a plasma period) to excite a plasma wave with suitable amplitude. In Fig. 1 a QFluid [5] plasma simulation shows a comparison between this scheme and the classic LWFA. In this example a train of 8 pulses equally separated by a plasma period, each with duration of 10 fs and peak intensity of 7.4 × 10 17 W/cm 2 , travels through a plasma with n e = 5 × 10 18 cm −3 exciting a wave with a longitudinal accelerating field 20% higher than the one generated by a single pulse moving through the same plasma with duration of 10 fs, peak intensity of 5.9 × 10 18 W/cm 2 and the same delivered energy of the train. The advantage of the resonant scheme is that the reduced peak intensity of each train pulse enables controlled particle trapping conditions. Finally, a fraction of the original pulse is frequency doubled in order to provide separated ionization injection.
The generation of the pulse train from a single laser pulse has been widely investigated, using stacked Michelson interferometers [6, 7] , a linear array of birefringent plates [8] and spectral filtering of a chirped pulse [9, 10] . All these techniques require challenging alignments and big optical elements due to the energy involved.
In this work we present a relatively easy-toimplement method of train generation, employing a structured transmission mask which allows different portions of the original beam to be delayed by different thicknesses of the transmissive layers. Such a simple configuration makes our technique suitable to produce pulse trains with existing laser systems and small laboratories. We developed a complete characterization of both spatial and temporal profile of the train pulses using vector diffrac- tion theory and nonlinear time dependent analysis of pulse propagation, respectively.
Description of the experimental method and space and time characterization of the pulse train
As shown in Fig. 2 we consider a single high-energy pulse, with a super-gaussian transverse profile, impacting on a concentric-sectioned mask placed just before the last focusing Off-Axis Parabola (OAP). Each section's thickness d i is chosen to match the time delay of the emerging ring pulses with the plasma period. Then these rings are focused on the plasma target and results in a multi-pulse driver for the wakefield.
For a first case study we designed a delay mask suitable for the already mentioned ReMPI scheme. This mask (Fig. 3a) delivers a 4-pulses train while the hole in the middle allows the so-called "ionization pulse" to pass through. This pulse, with relatively low energy (∼ 100 mJ), can be produced in many ways. For instance, a pick up mirror can be used (upstream of the delay mask) and a suitable delay line can be set up, together with a frequency doubling crystal; a second small mirror can be used to re-insert the pulse into the main path. Since this paper is mostly concerned with the generation of the pulse train, we defer to another paper a deeper discussion of this issue.
The internal and external radii of each section are initially set in order to carry the same energy, i.e. each region has the same area (considering that the whole mask lies in the flat region of the supergaussian transverse profile, as in Fig. 3b ). Therefore i-th radius is calculated as r i = √ ir with r being the central hole radius.
Study of the spatial properties of the train pulses
Each pulse of the train is spatially characterized by its electrical field at the focal plane x y of the OAP. The calculations are performed in the framework of the Stratton-Chu vector diffraction theory. Time dependence is intentionally omitted in this analysis and contour effects are negligible in the far-field calculation. We consider a super-gaussian transverse profile and linear polarization along the x axis for the incoming beam that, with reference to the coordinate system depicted in Fig. 2 , is written as
with σ x ≡ σ y = FWHM/2(ln 2) 1/8 , FWHM being the transverse size of the beam impinging on the mask, as represented in Fig. 3b . Following the same formulation of [11] for the electric field at each point x P of the focal plane we get
where λ is the laser wavelength, k the wave vector and v = u(x, x P )+p(x) with u = |x−x P | being the distance from the surface point x to the point x P ; p = (d are the real and imaginary part, respectively, of the complex g j functions that can be written as:
In order to finally calculate the electric field we perform the numerical integration in equation (2) using a C++ code we developed. In particular, integrating on the portion of the OAP selected by a certain ring we get the intensity map of the corresponding train pulse.
Here we present a numerical case with the following parameters: original laser pulse FWHM = 40 mm (see Fig. 3b ), F/5, θ OA = 25
• , λ = 800 nm and r = 5 mm. In Fig. 4 we plot the intensity maps at the focal plane of each train pulse. The maps show that the same-energy condition results in the same intensity peak for every pulse. In Fig. 5 we plot the line-out on the x axis of the intensity for a better visualization. Spot sizes are also rather similar although diffraction effects become more important for external regions. Further studies will investigate the effects of these small differences on the excited plasma wave. We stress that these results are strictly related to the imposed conditions; working in parallel with plasma simulation can underline which one of these properties is most important or which are the best conditions to match in order to refine the mask.
Study of the temporal properties of the train pulses
A time dependent numerical approach including both linear and nonlinear interaction processes was undertaken in order to investigate the temporal behaviour of the generated pulse train. To this purpose we used the Mirò software [12] . In what follows we refer to a case study aimed at a practical implementation of the ReMPI scheme.
The time distance between each pulse of the train depends solely on the group velocity. In order to resonantly excite the plasma wave the pulse separation has to match the plasma period; the thickness of each section can be set according to this requirement.
Considering a slab of fused silica, chosen for its low GVD property, with an initial electron density of 10 18 cm −3 , we get a difference in thickness between consecutive regions ∆d of 71.52 µm. With modern manufacturing technology it is possible to produce self-standing fused silica slabs, suited for the used parameters, with a minimum thickness of 500 µm; the second column of Tab. 1 shows the resulting values for the thickness of each ring.
The effects of the propagation through the mask on the time and spectral shape was simulated, using the Mirò code with the quasi-1D numerical scheme, for a pulse with 1 J energy and a duration (FWHM of the intensity) of 30 fs; different runs were carried out for each thickness d i , corresponding to each mask's regions.
Since we are dealing with ultra short, intense laser pulses, both nonlinear and dispersive (up to the second order) effects were taken into account in these simulations. The results obtained for the final duration (that is, the pulse duration after passing through the mask) are reported in the third column of Tab. 1; as it can be seen, a difference in duration between the pulses emerging from the inner ring and the outer one of approximately 10% arises as a consequence of the propagation. Preliminary QFluid plasma simulations show that this broadening is utterly acceptable in terms of wake excitation. It is possible to mitigate this effect by adding a tiny chirp to the incoming beam; for instance, a negative frequency chirp of the order of 10 27 s −2 results in the durations reported in the fourth column of Tab. 1. We notice that these results also suggest a low impact of the nonlinear effects occurring as a consequence of the propagation through the mask. Finally, we mention that the estimated B-integral after the mask is of order of 10 −1 ; this confirms that the thicknesses considered here can be safely tolerated in any practical situation. 
Conclusions
We presented an experimental method to generate a pulse train starting from a single high-energy femtosecond pulse and using a delay mask made up by concentric rings with different thicknesses.
Diffraction effects were studied and numerical approach was developed to study the transverse profile of each train pulse allowing a fine tuning of the rings' size for the optimization of the ReMPI scheme. We showed that pulse duration broadening is not a concern for typical plasma parameters of LWFA. Further combined optical and plasma simulations are needed to improve tuning of the mask in order to enhance multi-pulse wake excitation and provide a valid experimental set up.
